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In this note we show that Ruscheweyh's multiplier conjecture is true in several
special cases. The results obtained here are closely related to the partial sums of
certain analytic functions defined by means of univalent functions. We also answer
a question of Ponnusamy concerning the nth partial sums of certain univalent
functions. Q 1999 Academic Press
1. INTRODUCTION
 .Let A be the class of functions f z of the form
`
kf z s z q a z 1.1 .  . k
ks2
 < < 4which are analytic in the open unit disk U s z: z g C and z - 1 . The
 .  .nth partial sums of f z are denoted by S z, f . Let S and S* denote then
subclasses of A whose members are, respectively, univalent and starlike in
 <  . <   .. 4U. Furthermore, let D s f g A: f 0 z F Re f 9 z , z g U . For
` `
k kf z s a z and g z s b z .  . k k
ks0 ks0
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analytic in U, we define the convolution
`
kf ) g s a b z , .  . z k k
ks0
which is also analytic in U.
w x  w x w x.In 7 Ruscheweyh see also 8 and 1 proposed a new convolution
conjecture for univalent functions.
CONJECTURE I. Let f g D, g g S. Then f ) g g S*.
A stronger conjecture is
CONJECTURE II. Let f g D, g, h g S. Then
f ) g ) h .  .z
Re ) 0, z g U. 1.2 . 5z
w xGruenberg et al. 2 verified Conjecture II in a number of cases:
 .i Conjecture II holds with S replaced by the classes of close-to-
convex functions and typically real functions.
 .  . n 1yk k .ii The functions p z s  4 z n g N are in D, and Con-n ks1
 .jecture II is true with f s p z .n
 .  . n y1 1yk k .iii The functions f z s  k 2 z n g N are in D, andn ks1
 .  .y2Conjecture II holds with f s f z and g s z 1 y z .n
These latter results are extensions of old ones of Szego and Kobori aboutÍ
w xpartial sums of univalent functions. Ronning 6 further proved that
 .  .iv For n F 3 and n G 6, Conjecture II holds with f s f z g D.n
 .  .v For n F 4 and n G 6, Conjecture I is true with f s f z g D.n
In this note, we shall show that there are many other interesting
functions in D, and Conjectures I and II are true for these functions. The
results obtained here are closely related to the partial sums of certain
analytic functions defined by means of univalent functions. We also answer
w xa question of Ponnusamy 5, p. 165 concerning the nth partial sums of
certain univalent functions.
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2. THE MAIN THEOREMS AND THEIR CONSEQUENCES
 .LEMMA 1. Let b s 1, b G b ) 0 k g N . Then, for n g N,1 k kq1
n bk kF z s z g D. 2.1 .  .n ky1k2ks1
 .Proof. For n G 2, we write F z as follows:n
n
F z s z q b f z y f z .  .  . .n k k ky1
ks2
n n
s b f z y b f z .  . k k k ky1
ks1 ks2
ny1
s b f z q b y b f z . 2.2 .  .  .  .n n k kq1 k
ks1
 . n k  ky1.Since f z s  z r k2 g D for n g N, we see that for z g Un ks1
ny1
Y Y YF z F b f z q b y b f z .  .  .  .n n n k kq1 k
ks1
ny1
X XF b Re f z q b y b Re f z .  .  . .  .n n k kq1 k
ks1
s Re FX z . 2.3 .  . .n
 .This shows that F z g D. The proof of Lemma 1 is complete.n
THEOREM 1. The functions
ky1n 2 3
kF z s z n g N .  .n  /k q 1 8ks1
are in D, and Conjecture I is true with f s F .n
 . .ky1Proof. Let b s 2kr k q 1 3r4 in Lemma 1, we obtain that, fork
n g N,
ky1n 2 3
kF z s z g D. 2.4 .  .n  /k q 2 8ks1
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 . ` kFor any g z s  a z g S, we haveks1 k
ky1n 2 a 3k kF ) g s z .  .zn  /k q 1 8ks1
8 3
s S z , F , 2.5 .n  /3 8
 .  . z  . w xwhere F z s 2rz H g t dt. From a result of Li and Owa 4 , we know0
3 . < <that, for g g S, S z, F is starlike in z - . This shows that F ) g g S*.n n8
The proof of Theorem 1 is complete.
THEOREM 2. The functions
ky1n k q 1 1
kH z s z n g N .  .n  /2 6ks1
are in D, and Conjecture I is true with f s H .n
 .  ky1.Proof. Let b s k k q 1 r 2 ? 3 in Lemma 1. We see that, fork
n g N,
ky1n k q 1 1
kH z s z g D. 2.6 .  .n  /2 6ks1
 . ` kFor any g z s  a z g S, we haveks1 k
ky1n k q 1 a 1 1 . k kH ) g s z s 6S z , H , 2.7 .  . .zn n /  /2 6 6ks1
1 .   .. w xwhere H z s zg z 9. From a result of Li 3, Theorem 1 , we know that,2
1 . < <for g g S, S z, H is starlike in z - . This shows that H ) g g S*. Then n6
proof of Theorem 2 is complete.
 .  .THEOREM 3. Let c s 1, c ) 0, and c c G c k g N . If h z s1 k 2 k kq1
` a z k g S, then, for n g N,ks1 k
n 1
ky1 < <Re c a z ) 0, z - . 2.8 . k k 5 2c2ks1
Proof. Applying the Abel transformation to the quantity
n c ak k ky1z , ky12c .ks1 2
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we have
n nc a c ak k n kky1 ky1z s z ky1 ny1 ky122c c .  .ks1 ks12 2
ny1 kc c y c a2 k kq1 j jy1q z . 2.9 . k jy12c .ks1 js12
 .Using result iii of Gruenberg et al., as mentioned in the Introduction, we
see that
n c ak k ky1Re z ky1 52c .ks1 2
nc an k ky1s Re zny1 ky1 52c . ks12
ny1 kc c y c a2 k kq1 j jy1q Re z k jy1 52c .ks1 js12
) 0 z g U ; 2.10 .  .
equivalently,
n 1
ky1 < <Re c a z ) 0, z - . k k 5 2c2ks1
This completes the proof of Theorem 3.
Remark 1. It follows from Lemma 1 and Theorem 3 that if c s 1,1
 .c ) 0, and c c G c k g N , then Conjecture II holds withk 2 k kq1
n kc zk
T z s g D , h z g S, .  .n ky1k 2c .ks1 2
z
and g z s g S. . 21 y z .
 .Let c s 2kr k q 1 in Theorem 3. We have the followingk
 .  .  . z  .COROLLARY 1. Let h z g S and F z s 2rz H h t dt. Then, for0
n g N,
X 3< <Re S z , F ) 0, z - . 4 .n 8
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 .Let c s k k q 1 r2 in Theorem 3. We have the followingk
 .  .   ..COROLLARY 2. Let h z g S and H z s zh z 9r2. Then, for n g N,
X 1< <Re S z , H ) 0, z - . 4 .n 6
w xRemark 2. Wu 9 obtained the results of Corollary 1 and Corollary 2
 .only for n F 3. Let c s k in Theorem 3. We see that if h z g S thenk
X 1  .4 < <Re S z, h ) 0, z - , which implies Szego's result.Ín 4
3. A QUESTION OF PONNUSAMY
w xLet f g A and n G 2. Ponnusamy 5, p. 165 asked the following
question: Verify whether the relation
1Re f 9 z ) 4 . 2
implies
XS z , f .n
2S z , f S z , f .  .n nXF Re S z , f y q 2 Re z g U .  .) n 5  5 5z z
is true or not.
Here we give an explicit example which leads to a negative answer to
this question.
It is known that the function
1 1 1
2 3f z s log s z q z q z q ??? .
1 y z 2 3
1 1  .4is a convex function of order and satisfies Re f 9 z ) in U. For this2 2
function, we have
1 1 1
2 3 nS z , f s z q z q z q ??? q z . .n 2 3 n
2 .Now choose a real number z g , 1 . Then we obtain, for every n G 2,0 3
that
S z , f .n 0X2S z , f y q 2 .n 0  /z0
3 5 2n y 1
2 ny1s z q z q ??? q z y 1 ) 0.0 0 02 3 n
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Therefore
2
S z , f S z , f .  .n 0 n 0XRe S z , f y q 2 Re .) n 0 5  5 5z z0 0
S z , f S z , f .  .n 0 n 02X Xs S z , f y 2S z , f y q 2 .  . .n 0 n 0)  5 /z z0 0
X- S z , f . .n 0
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